In a previous paper (hep-th/0510080) the effective Landau-Lifshitz (LL) Lagrangians in the SU (2) sector coming from string theory and gauge theory have been found to three loops in the effective expansion parameterλ = λ/J 2 . In this paper we continue this study and find the effective Landau-Lifshitz Lagrangians to four loops. We extend to four-loopsλ 4 the computations of 1/J and 1/J 2 corrections to BMN energies done in hep-th/0510080 to three-loops. We compare these corrections obtained from quantum "gauge-theory" LL action with the corrections obtained from the conjectured Bethe ansatz for the long range spin chain representing perturbative large N N = 4 Super Yang-Mills in the SU (2) sector and find perfect matching to four loopsλ 4 . We compare also the 1/J and 1/J 2 corrections obtained from quantum "string-theory" LL action with those obtained from the "quantum string" Bethe ansatz and again find perfect matching to four-loops.
Introduction
AdS/CFT correspondence implies that the quantum energy of a string state matches the quantum dimension of a corresponding operator in the dual N = 4 Super YangMills theory. Under certain conditions a class of string quantum states can be treated as semiclassical solutions and their classical energy can be compared with the dimension of corresponding operators on the gauge theory side. Going beyond semiclassical approximation it turns out that quantum corrections to semiclassical solutions of strings propagating in AdS 5 × S 5 play an important role in the AdS/CFT duality [1, 2, 3] .
The "three-loop discrepancy" between gauge and string theory predictions is by now a well known fact: it is present [4] for semiclassical spinning string solutions [5] , and also in the computation of the 1/J correction to the two-impurity BMN state [6] . The computations of 1/J corrections to BMN in [6] and to circular string solution in [5] were done using full superstring theory, i.e. using the full set of world sheet fields, both bosons and fermions. Attempts to compute the next correction, i.e. 1/J 2 , to the BMN energies proved to be difficult [7] , and have not yet been obtained from a full superstring computation. An alternative and much easier approach to compute 1/J n corrections to BMN energies have been developed in [8] for the SU(2) sector. It was shown in [9, 8] that by using the effective Landau-Lifshitz (LL) action one can ignore all fermions and bosonic modes outside the SU(2) sector. The only effect of these modes in the effective LL theory in the SU(2) sector is the proper regularization, which one needs to consider. As shown in [8] this can be accomplished with a combination of normal ordering and ζ-function regularization. Let us point out that this discussion is valid only for analytic terms inλ. Non-analytic terms, i.e non-integer powers inλ terms were found in [10, 11] (see also [12] for an analysis of the validity of zeta-function regularization), and it was shown in [13] that they cannot be obtained correctly in the LL approach regardless of the regularization used. In this paper we will consider only analytic terms.
On string side an LL action in the SU(2) sector can be obtained by considering fast moving strings propagating in the S 3 subspace of S 5 [14, 15, 16] . The resulting string LL action have been used in [13] to compute the 1/J 2 corrections to BMN energies to three-loops inλ 3 . Results from the string LL action have been compared with results from the string "quantum" Bethe ansatz of Arutyunov, Frolov and Staudacher (AFS) [17] , and for the 1/J 2 corrections for M-impurity BMN states perfect agreement has been found. In this paper we continue this comparison to four loopsλ 4 . However, in order to do this we need to find first the string LL at four-loops. We find it indirectly: first at 4-loops we construct the LL action by including all possible eight derivative terms; secondly we fix the coefficients so that the energy as computed from LL matches the string energy for circular solution, and also the 1/J and 1/J 2 corrections to BMN energies as obtained from quantum string LL match those obtained by string Bethe ansatz in [17, 13] . All these conditions are consistent and determine uniquely the string LL Lagrangian.
On gauge theory side the gauge LL action at one loop in the SU(2) sector is the effective action for the ferromagnetic Heisenberg spin chain in the continuum limit, with higher derivative counterterms to account for lattice effects. Going to higher orders iñ λ corresponds in terms of spin chain to going beyond nearest neighbor interactions. An all-loop Bethe ansatz that preserves BMN scaling to all loops in the thermodynamic limit was proposed by Beisert, Dippel and Staudacher (BDS) [18] . In order to compare results between this BDS Bethe ansatz and an effective action calculation one needs to find extensions of gauge LL action to higher loops. The LL action from gauge theory was derived to two-loops in [15] where it was shown to be the same as the string LL action derived from string theory. In [13] the gauge LL action to three-loops was found by indirect methods. In this paper we extend that method to four loops and proceed as for the string LL: we compare results from gauge LL action for circular string, 1/J and 1/J 2 corrections to BMN energies obtained from quantum gauge LL to results obtained from BDS Bethe ansatz for operators that are duals to circular strings. This allows us to determine uniquely the gauge LL Lagrangian to four-loops. Also we find perfect matching between the 1/J and 1/J 2 corrections to BMN energies as obtained from quantum gauge LL and BDS Bethe ansatz.
The manifestation of the "three-loop discrepancy" at the classical level of LL actions was obtained in [13] where gauge and string LL actions were found to differ at threeloopsλ 3 . In this paper we find that the "three-loop discrepancy" continues at fourloops, as expected. The 1/J and 1/J 2 corrections to BMN energies, which can be found from quantum LL, also start differing at three-loops and continue to differ at four-loops.
This paper is organized a follows: In Section 2 we describe the gauge and string LL actions and find some of the unknown coefficients by using the circular string solution. In Section 3 after reviewing the quantization of LL action developed in [8] , we compute the 1/J and 1/J 2 corrections in Section 3.1 and 3.2, respectively. In section 4 we collect the results and find completely both the gauge and string LL actions. In Appendix A we describe details of the computation of energy of circular string by using LL action, string theory and BDS Bethe ansatz. In Appendix B we present some details of the computation of 1/J 2 corrections to BMN energies from quantum LL.
2 Classical LL action toλ
The main steps as well as notations in this section and throughout the paper are as in [13] . We start with the string LL action in the SU(2) sector [13] (for a review see also [19, 8] )
where the Lagrangian to four loops is
where at the three loops we introduced all structures with six derivatives, and at four loops all structures with eight derivatives up to integrations by parts. As in [13, 8] here
is a unit vector. At quadratic order in n we considered the exact kinetic operator corresponding to the exact spin-chain dispersion relation [18] 
Writing the kinetic term in terms ofλ, J and expanding at large J one obtains
3) The first term in this expansion can be also obtained from the classical string action by integrating out all superstring world-sheet fields except n. The second term is a quantum correction 1 , suggesting that it should come from considering the full superstring theory. Therefore we expect that the exact kinetic term in (2.2) appears in the quantum effective field theory derived from the full superstring theory. Since the second term in (2.3) can only give contribution starting atλ/J 2 , we add this contribution when computing this correction only, while considering for simplicity the action (2.2) with the kinetic term given by the first term in (2.3).
The coefficients a, b, c were fixed in [13] for both string and gauge LL. Let us recall the values of the "3-loop" coefficients in the string and gauge theory LL Lagrangians [13] 
In this paper we want to fix the coefficients a i , i = 1...7. To do this we consider again, as in [13] , the circular solution with two unequal spins (J 1 = J 2 ). For this solution we compare the energy at four loops (λ 4 ) obtained from the string LL with the energy obtained from string theory at this order. We present the details in Appendix A. We obtain the following string LL coefficients
On the other hand we can compare the energy for the circular solution obtained from LL to the corresponding solution on gauge theory side by using gauge BDS Bethe ansatz. We obtain then the gauge LL coefficients
We see that in both gauge and string LL we need more equations among the coefficients to find them. Following the method in [13] we compare theλ
corrections to BMN vacuum obtained from quantum LL to the corresponding results obtained from gauge (BDS) and string (AFS) Bethe ansatze. As in [13, 8] , let us now rewrite the LL Lagrangian (2.2) in terms of two independent fields. Solving the constraint | n| 2 = 1 as
we get the following SO(2) invariant expression for the Lagrangian in terms of n 1 and n 2 (a, b = 1, 2; n 2 = n a n a )
We omitt the complicated form of H(n 1 , n 2 ) for simplicity. To simplify the quantization of the LL Lagrangian near a particular solution it is useful to put it into the standard canonical form [8] by doing the field redefinition n a → z a
Having the Lagrangian in the standard form L = pq − H(p, q), the quantization is straightforward: we promote z a to operators, impose the canonical commutation rela- 11) and then decide how to order the "coordinate" and "momentum" operators in H(z 1 , z 2 ).
Quantization near BPS vacuum: corrections to BMN spectrum from LL Hamiltonian
Following [8, 13] we use the LL action to compute quantum 1/J and 1/J 2 corrections to the BMN spectrum of fluctuations near the BPS vacuum solution
representing the massless geodesic in R t × S 3 . The 1/J corrections can be found from the Bethe ansatz on the spin chain [20, 21] or from a direct superstring quantization [22, 6] . As explained in [8] , the derivation from the LL action turns out to be much simpler than the string-theory derivation. Here we will extend the method of [8, 13] 
Expanding near this vacuum corresponds to expansion near n a = 0 in (2.8) or z a = 0 in (2.10). Observing that the factor J in front of the LL action (2.1) plays the role of the inverse Planck constant, it is natural to rescale z a as
so that powers of 1/J will play the role of coupling constants for the fluctuations in the non-linear LL Hamiltonian. Expanding the Hamiltonian in (2.8), (2.10) to sixth order in the fluctuation fields f, g we get
3)
2 Unfortunately, the exact (all order inλ) form of the n 4 , n 6 and n 8 terms in the LL action is not known, preventing us from computing the 1/J and 1/J 2 corrections to all orders inλ.
Let us first consider the quadratic approximation. The linearized equations of motion for the fluctuations arė
and their solution may be written as
for real f and g. Upon quantization (3.7) becomes the equations of motion for the operators f, gḟ
provided we use the canonical commutation relations in (2.11)
Then the coefficients in (3.8),(3.9) satisfy 12) so that a n and a † n can be interpreted as annihilation and creation operators, with the vacuum state |0 defined by a n |0 = 0, for all integer n. A general oscillator state is
The integrated HamiltonianH 2 then becomes
where we have used the normal ordering to ensure that the vacuum energy is zero, since the BMN vacuum is a BPS state in both gauge theory and string theory. One also needs to impose the extra constraint that the total σ-momentum is zero [8] . For physical oscillator states we get
Below we shall consider the "M-impurity" states as oscillator states with k n = 1:
where for simplicity we shall assume that all n j are different (generalization to states with several equal n j is straightforward, at least for 1/J corrections). Then the zeromomentum condition (3.15) gives 17) and the leading term in the energy of an M-impurity state takes the familiar form [23, 1]
( 1 +λn
Let us also compute the difference of spins and obtain [8]
Applied to M-impurity state the above relation gives
In the LL approach we use J = J 1 + J 2 as a natural total angular momentum, corresponding to a "fast" collective coordinate. M is a characteristic of a particular state, while J enters into the background-independent form of the LL action (2.1). This is in line with gauge/spin chain intuition, where the use of total J or spin chain length as the state-independent parameter is natural. The corresponding gauge-theory states are Tr(Φ
2 ) + ..., and J plays the role of the length of the spin chain and M is the number of magnons.
1/J corrections to the BMN spectrum
In this section we fix more unknown coefficients by comparing 1/J correction to BMN vacuum obtained from the quantum string LL, to the corresponding correction atλ 4 obtained in [17] from string Bethe ansatz. For the gauge LL coefficients we compare with 1/J corrections obtained from gauge Bethe ansatz. Theλ
Note that this matches the result obtained in [24] from string theory.
On the other hand the 1/J correction to BMN on the gauge theory side at four loops (λ 4 ) can be obtained from the BDS Bethe ansatz [18] 
We compute now the 1/J correction to BMN vacuum by using the quantum LL. Following the method developed in [8] we add the four loop contribution to the three loop one already computed in [13] . We recall that at quartic order in fluctuations one is to use normal ordering. We obtain then the following normal ordered Hamiltonian
m a n a m , (3.23)
Computing the expectation value ofH 4 and expanding to orderλ 4 we obtain
Comparing this expression at four loops with the result in (3.21) we obtain a We see that combining the above equations we obtain the last equation in (2.6), so that in fact we have only 2 independent equations relating a We see that combining the above equations we obtain the last equation in (2.7), so that, as in the string case, we have only 2 independent equations relating a
3 and a (g) 4 .
In both string and gauge cases we need 2 more equations to determine the still unknown coefficients a 1 , a 3 , a 4 and a 6 .
1/J
2 corrections to the BMN spectrum
To find 1/J 2 corrections we follow the method in [8, 13] where orderλ/J 2 terms were computed to three loops (λ 3 ). We need to combine the second order perturbation theory correction for the quartic Hamiltonian (3.5) with the first order perturbation theory correction for the sixth order Hamiltonian in (3.6). The regularization issues were discussed in detail in [8] : to match string/gauge results we should use the normalordered form of the Hamiltonians and apply ζ-function regularization for intermediatestate sums. We shall also need to add a local higher-derivative "counterterm" which (on gauge side) is a lattice correction to the continuum limit of the LL action (see [8] and below). We present details of this computation in Appendix B.
We find the followingλ 4 /J 2 corrections to BMN energies − 128 a 6 + 2b
where, as we mentioned in section 2, we added as in [8, 13] the expansion to four loops of the second term in kinetic term (2.3).
Comparison with Bethe ansatz computation and fixing the LL Lagrangians
In this section we are matching theλ 4 /J 2 corrections obtained above from the quantum LL and the corresponding corrections obtained from Bethe ansatz. We will thus fix the coefficients at four loops for both string and gauge LL Lagrangians.
In [13] the gauge Bethe ansatz (BDS) and string Bethe ansatz (AFS) were used to find the 1/J 2 corrections to all orders inλ. We present here the results to four loops. In the case of the gauge theory we find
For the string case, the result is
Comparing (3.30) with the gauge part (3.31) except for the pole type term we obtain six equations with six unknowns, which solved give the gauge LL coefficients We see that theλ 4 /J 2 corrections contain enough details to fix almost completely the gauge LL Lagrangian except for the coefficient a (g) 7 . As a consistency check we see that these match the coefficients and equations between coefficients obtained from comparingλ 4 /J, and the energy of circular string (2.7), (3.28), (3.29). The conclusion is that besides finding the full gauge LL Lagrangian at four loops, we also find perfect agreement for theλ 4 /J andλ 4 /J 2 corrections as obtained from quantum gauge LL and gauge Bethe ansatz.
Similarly, for the string part comparing (3.30) with (3.32) we find the coefficients which is consistent with the equations (2.6), (2.7). Note that the pole type term depends only on the coefficient a and the combination a 1 − a 2 + a 3 + a 4 , which are the same for both gauge and string LL. As expected we found that the disagreement between string LL and gauge LL actions continues also at four loops. The difference between the two LL Lagrangians or Hamiltonians is
We observe that both at three-loops and four-loops only one of the terms has the same coefficients in both gauge and string LL Lagrangians, i.e. a s = a g at three-loops and a
at four-loops. The disagreement between the two LL Lagrangians is not unexpected 3 and can be explained by the order of limits taken on the two sides [4, 18] . On string theory side one first takes J large withλ=fixed to suppress quantum corrections and then expands in smallλ, while on gauge theory side λ small is taken first, and then large J expansion to isolate contributions depending onλ.
where X 2 r = 1 are S 3 coordinates and
ν is a parameter to be determined from the conformal gauge constraints
where the energy is E = √ λE. Introducing the notation
one can solve one of the constraints for ν at large J or smallλ = 1 J 2 to obtain
Then the string energy toλ 4 order is found to be Starting now with the LL Lagrangian (2.2) let us find the energy for the corresponding solution with J 1 = J 2 which is given to leading order by n = (n 1 , n 2 , n 3 ) where [15] This solution can also be found by expanding the full string solution at large J . We want now to compare the four-loop LL energy for the circular solution with the energy of the corresponding state on the gauge theory side obtained from the Bethe ansatz. One can compute the latter as in [26] , but now using BDS Bethe ansatz, and the result is The unit vector n can be written as n = (sin 2ψ cos 2ϕ, sin 2ψ sin 2ϕ, cos 2ψ). . Note also that the cartesian coordinates are X 1 = cos ψ e iϕ1 , X 2 = sin ψ e iϕ2 . 5 We are grateful to J. Minahan for sharing these unpublished results with us. Let us also mention that the computation of energy for this solution has also been computed using the string Bethe ansatz and the results match (A.5), as expected.
